Dear Sirs,
In a recent series co-workers (see e.g. of papers by Morbidelli and Varma and Morbidelli and Varma 1986a; Morbidelli et al., 1986h Lee and Varma, 1987 , 1988 Bauman and Varma 1990) , the multiplicity behaviour of a fixed bed reactor is discussed. The basis for this analysis was given by Morbidelli and Varma (1986a) and Morbid& et al. (1986b) , where the authors devote many columns to mathematically prove, by means of "a rigorous application of the Implicit Function Theorem", that the multiplicity of a heterogeneous plug Row packed bed reactor is fully determined by the multiplicity of the inlet particle. Thus, according to Morbidelli et al., this model even in its basic form, does not exhibit an infinite number of steady states, a property referred to as infinite multiplicity (Liu and Amundson, 1962; Eigenberger, 1972) . Eigenbcrger (1972) showed quantitatively that infinite multiplicity will not occur if axial dispersion of heat is present. Morbidelli et al. claim that they have proven that, in order to exclude infinite multiplicity, it is not necessary to take into account axial dispersion.
We will show that their proof is incorrect and that the modelling equations of the heterogeneous plug flow reactor without thermal axial dispersion do have an infinite number of steady-state solutions. The notation and the equations can be found in Morbidelli and Varma (1986a).
The solution of the heterogeneous plug flow model involves the integration of an ordinary differential equation, eq. (7), where at each step in the integration, the non-linear constraint eq. (l'lt_representing the state of the particles needs to be solved to yield OP. As is well known, there can be either one or two stable solutions for this constraint.
If the particles operate in the multiplicity region, then there are two possible solutions for the constraint eq. (17). In each step of the integration we must choose between these two solutions. In other words, we must choose the particle to be either in the lower or in the higher state and during the integration we must make this choice for each individual particle over and over again. Now, according to Morbidelli et al. we cannot choose arbitrarily between these two states. They concluded this from the following statement: "from the implicit function theorem it can be seen that the obtained solution of eq. (17) 23 April 1991) then BP, is uniquely defined by 0 and z in some region contammg 6') and z" and from thii we see that the implicit function theorem provides a sufficient-but not necessarycondition for uniqueness, in other words whether or not a particle has only one steady state. Additionally, if we always choose the solution from the same branch, then with the aid of the implicit function theorem we can indeed prove that the obtained @,-profile is continuous as long as the condition of eq. (18) is not violated. And also, in that case, with the aid of the existence and uniqueness theorem for initial value differential equations (Morbidelli et al., 1986b) we can prove that there exists a unique solution for the differential equation in an interval around the inlet. However, it is important to note that, if there is more than one solution of eq. (17), the implicit function theorem does not help us in making a choice between them: any one solution is permissible and so we do not have to choose the solutions to lie on the same branch! Thus, during the integration we can choose arbitrarily between the two solutions of eq. (17), implying that a jump is allowed at any place and, therefore, the model equations do have an infinite number of solutions for some range of parameter values. In a physical sense, the line of reasoning of Morbidelli et al. is erroneous because they had confused the steady-state behaviour of the catalyst particle with its dynamic behaviour.
From a steady-state analysis discussed hcrc, we can deduce how many stable steady states there are, but of course we cannot determine in which of the possible states the particles are actually operating, because this depends on the particles' history, which is not included in the steadystate model. There is no mathematical law that dictates us which of the two solutions of eq. (17) we must choose. Correspondingly, in the hypothetical physical system defined by the model equations, there is no law that forbids us to choose arbitrarily between the upper and lower steady state. Thus, a temperature profile with a discontinuous jump at any place, or even a profile with more than one jump can be the steady state of the hypothetical system. It cannot be the steady state of a real fixed reactor because, contrary to the hypothetical system, in a real reactor the state of one pellet has an influence on its neighboring pellets due to heat transfer etTects. If one pellet is in the ignited state, then also its neighboring pellets will ignite if they operate in the multiple steady-state region.
( 18) only when the condition in eq. (18) is violated, is a discontinuity in the f?$ solution of eq. (17) admissible". This means that once we have chosen between the upper and lower solution at the start of the integration, we must choose that same solution for each following step in the integration, until condition of eq. (18) is violated. From this it immediately follows that the multiplicity of the reactor is fully determined by the multiplicity of the particle at the reactor inlet.
However, this is not correct. From the implicit function theorem it follows that, if df(8,, 0, z)/d0, # 0 for some point (Qg, t?', z") then there exists an interval 0: < 0, < 8: containing 6 such that 8, is uniquely defined as a function of 0 and z. Note that this theorem only states that there exists such an interval, but does not specify 0: and /3:. It follows that if df(#,, 8, z)/dB, #O for f@,, P, z") for all feasible values of B,, In order to get rid of infinite multiplicity, we must alter our model. This can be done by incorporating axial conduction. It can also be done by defining additional constraints. In a way this is what Morbidelli et al. did. If we take the original plug flow model equations, but in addition to this we formulate Morbidelli's condition quoted above, then we have got rid of infinite multiplicity.
A possible physical justification for this addition to the model could be: the relevant steady state of a reactor is the state that is also attained in a dynamic situation after large times. If we assume that at an initial time all pellets operate in the lower operating point, then in the steady state that will eventually be reached, only the pellets for which the ignition temperature is exceeded, will be in the ignited state. If this ignition temperature is exceeded for the first pellet, then all pellets will be ignited. A iowering of the inlet temperature, below the extinction temperature, will result in a situation where only the pellets for which the extinction temperature is still exceeded will operate in the higher steady state. This gives rise again to an infinite number of steady states, and so we see that this new model, and thus Morbidelli's in general, describes only the case where the steady state is approached from the lower side, because in their model a jump is only allowed at the ignition temperature.
In the above paragraph we have tried to provide a new basis for the work done by Morbid&i, Lee and Varma in their series of papers, where they needed to exclude infinite multiplicity because that would impede a complete analysis. Contrary to their claim, the models studied by them are not the models in their basic form, but these contain an additional restriction, which in general causes all pellets to be in the lower operating point, except those for which the ignition temperature is exceeded: a jump inside the reactor is only allowed at the ignition temperature.
However, we feel that this assumption is not very solid if the ignition temperature is actually exceeded, because, as discussed before, in a real reactor there will always be some particle to particle heat transfer leading to an ignition front moving toward the inlet of the reactor.
Thus, as was already recognized by Eigenberger, but explicitly denied by Morbidelli et al., if multiplicity and ignition of the catalyst particles are to be expected, one should take particle to particle heat transfer into account, for example by including axial dispersion of heat.
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